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The quasi-static response and the stored and dissipated energies due to large deflections of a slender

inextensible beam made of a linear viscoelastic material and subjected to a time-dependent inclined

concentrated load at the free end are investigated. The beam cross-section is considered prismatic, the

self-weight is disregarded and the material is initially stress free. The set of four first-order non-linear

partial integro-differential equations obtained from geometrical compatibility, equilibrium of forces and

moments, and linear viscoelastic constitutive relation is numerically solved using a one-parameter

shooting method combined with a fourth-order Runge–Kutta algorithm. An analytical expression is

derived to divide the energy supplied by the external load into conserved and dissipated parts. For the

case study presented, a three-parameter solid linear viscoelastic constitutive model is employed and a

step load is applied. The variables are made non-dimensional, so four parameters govern the problem:

the ratio between the final and initial relaxation moduli, the load magnitude, the angle of inclination

and the unloading time. A finite-element model is also performed to compare and validate the

analytical and numerical formulations. Results are presented for encastré curvature and tip

displacement versus time, geometrical configuration, load versus tip displacement, total work done

by the external force, stored and dissipated energies versus time, energy per unit length along arc length

for three times and versus time for two beam sections.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In many engineering applications a slender cantilever beam is
designed to withstand concentrated and distributed loads and
moments. Often large deflections and slopes must be accounted
for while strains may remain small; thus the problem is
geometrically non-linear. The system of a thin flexible member,
called elastica, has drawn the attention of many elasto-mechanics
researchers since Euler’s seminal contribution in the 18th century
for the encastré column subjected to a compressive load. In the
last few decades, solutions have incorporated a number of load
combinations (including non-conservative loads), constitutive
relations (non-linear elastic and plastic) and non-prismatic
cross-sections.

The elastica of a prismatic cantilever beam subjected to end
concentrated loads has been widely discussed by many authors
[1–5]. Considering the application of uniform distributed loads [6]
an approximate series solution was obtained, as well as numerical
solutions [7,8]. A power series methodology to investigate the role
of shear and longitudinal deformations has also been developed
[9]. As the elastica is described by non-linear equations, super-
ll rights reserved.
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position effects are not valid. Power series solutions have been
applied to investigate the cantilever response subjected to
simultaneous distributed and concentrated loads [10]. An analy-
tical solution for combined end force and end moment has also
been presented [11].

The subject of inclined and follower concentrated forces has been
discussed [12] and a numerical solution proposed [13]. A solution for
a follower tip force and moment to model the flip-over of high
flexure robotic manipulators arms has also been proposed [14].
Navaee and Elling [15] and Batista and Kosel [16] have determined
the multiple equilibrium configurations for an inclined end load but
the latter also included axial and shear effects.

The large-deflection response of a non-linear elastic beam has
been addressed for Ludwick-type materials when subjected to an
end concentrated load [17] and to an end moment at the free end
[18] with closed-form analytical solution. The solution was later
obtained [19] considering combined uniformly distributed and
concentrated tip loads. In addition, many authors have also
discussed the large-deflection problem of non-prismatic beams
[20–24].

Nowadays polymers are replacing metals in many practical
applications. This type of material is known to exhibit both
viscous and elastic characteristics. Thus its stress state at the
current time depends on the strain history, and vice versa, and
hence its constitutive equation must include time. The subject of
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Fig. 1. Cantilever beam subjected to a time-dependent tip load.
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linear [25] and non-linear viscoelastic behavior [26] has been
widely discussed.

The large-deflection response of viscoelastic beams has
attracted the attention of some researchers in the last few
decades. A numerical solution using the Runge–Kutta (RK)
method to assess the finite deflection of a thin viscoelastic beam
subjected to a distributed load using the creep compliance
function for a superpolyoxymethylene polymer [27] was pre-
viously discussed [28]. The same problem of a linear viscoelastic
beam subjected to a distributed load using a dynamic program-
ming numerical method was presented later [29]. A distributed
and a concentrated vertical load applied to the free end of a beam
of varying cross-section have also been presented [30].

Polymers may show different types of failure [31–33], such as
fracture or rupture, yielding and transition from linear to non-
linear viscoelastic behavior. When a stress or strain history is
applied to a viscoelastic beam, the work done by the external force
may be divided into stored and dissipated parts. According to the
Reiner–Weissenberg thermodynamical theory of strength [34] the
transition from linear to non-linear viscoelastic behavior occurs
when the stored deviatoric strain energy reaches a certain value
considered as a material parameter. The use of this approach to
characterize the linear viscoelastic limit allows the application of
a time-independent energy curve [35]. The energy analysis of a
viscoelastic beam may be employed to characterize the applica-
tion limit of the linear viscoelastic behavior and consequently a
failure mode.

In this paper the large deflection of a linear viscoelastic slender
cantilever prismatic beam subjected to a time-dependent inclined
concentrated load at the free end is investigated. The viscoelastic
material behavior is represented by a three-parameter solid
model. The numerical solution is obtained using an iterative
one-parameter shooting method with a fourth-order Runge–Kutta
algorithm. The solution is validated by finite-element analysis
performed using the software Abaqus. Once the curvature
distribution is obtained, the total work, and the stored and
dissipated energy parts may be promptly calculated. A case study
is presented where a given step tip load is applied, remains
constant for some time and is then removed. Non-dimensional
results are presented for encastré curvature and tip displacement
versus time, geometrical configuration, load versus tip displace-
ment, the total work done by the external force, stored and
dissipated energies versus time and energy per unit length along
the beam arc length for three different times and versus time for
two beam sections.
2. Problem statement

A concentrated end load P with a constant angle of inclination
b measured with respect to the undeformed axis is instanta-
neously applied to the free end of a cantilever beam of length L

and symmetrical cross-section. After remaining constant for some
time, the load is instantaneously removed at time tf. During the
application of the concentrated load P, the external work done is
converted into a stored and a dissipated part due to material
viscoelasticity (Fig. 1).

A point on the deflected central axis is identified by the x(s, t)
and y(s, t) coordinates, where s is the arc length measured from
the fixed end and t the current time. The slope of the centroidal
axis is denoted by y(s, t). The longitudinal and lateral tip
displacements are denoted by dh and dv, respectively. For this
model the following assumptions are considered and apply to
each time t: (a) it is a quasi-static linear viscoelastic problem
(dynamic behavior is not considered), (b) self-weight is dis-
regarded, (c) strains remain small, (d) axial extensibility is
neglected and (e) effect of shear deformation is negligible. The
beam is made of a linear viscoelastic material, where stress
relaxation and creep functions are independent of loading and
may be, respectively, expressed by the three-parameter solid
behavior:

GðtÞ ¼ G1þðG0 � G1Þe
�t=tR ð1Þ

JðtÞ ¼ J1þðJ0 � J1Þe
�t=tC ð2Þ

where G0, GN, J0 and JN are material constants related through
J0=1/G0 and JN=1/GN, tR and tC are, respectively, the character-
istic relaxation and creep times, which are related through
tR=(GN/G0)tC. Tensile and compressive material properties are
the same, which implies that the neutral axis is at the centroid of
the cross-section at any time t.
3. Mathematical formulation

The mathematical formulation is derived considering geome-
trical compatibility, equilibrium of forces and moments, and
linear viscoelastic constitutive relations.

3.1. Geometrical relations

By applying trigonometrical relations to an infinitesimal beam
element and invoking the geometrical definition of curvature, the
following equations are obtained:

@xðs; tÞ

@s
¼ cos½yðs; tÞ� ð3Þ

@yðs; tÞ

@s
¼ sin½yðs; tÞ� ð4Þ

@yðs; tÞ
@s

¼ kðs; tÞ ð5Þ

where s is the rod arc length measured from the fixed end, t the
current time, (x(s,t), y(s,t)) are the Cartesian coordinates of the
deflected rod, y(s, t) is the slope with respect to the x-axis of any
point along the arc length and k(s, t) the curvature.

3.2. Equilibrium of forces and moments

Considering quasi-static equilibrium for the beam at each time
t, the shear force equation may be obtained for the deflected beam
under an inclined concentrated end load:

@Mðs; tÞ

@s
¼ � PðtÞsin½b� yðs; tÞ� ð6Þ

3.3. Constitutive relations

Supposing the linearity of viscoelastic response (i.e., the
material behavior is independent of stress or strain levels),
homogeneous and isotropic material, and considering pure
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bending, where each material element is in a uniaxial stress state,
the following constitutive equation, where jump discontinuities at
the time origin are accounted for, may be employed using the
relaxation function G(t):

sðs; tÞ ¼ Gð0Þeðs; tÞþ
Z t

0
eðs; tÞ @Gðt � tÞ

@ðt � tÞ
dt ð7Þ

or alternatively with the creep function J(t):

eðs; tÞ ¼ Jð0Þsðs; tÞþ
Z t

0
sðs; tÞ @Jðt � tÞ

@ðt � tÞ
dt ð8Þ

where t is a representative previous time, s(s,t) is the normal
stress and e(s,t) the axial strain. Assuming that plane sections
remain plane after bending implies that the axial strain at a given
time t varies linearly with distance from the neutral axis Z and is
described by:

eðZ; s; tÞ ¼ Zkðs; tÞ ð9Þ

As the material is viscoelastic symmetrical in tension–
compression, the neutral axis coincides with the cross-section
centroid. Equilibrium of bending moments for the cross-section
area of the beam yields

Mðs; tÞ ¼

Z
sðs; tÞZdA ð10Þ

Substituting Eq. (9) in (8) and using Eq. (10) with algebraic
manipulations, the bending moment–curvature relation for the
linear viscoelastic beam using the creep function is obtained,

kðs; tÞ ¼
Jð0ÞMðs; tÞ

I
þ

1

I

Z t

0
Mðs; tÞ @Jðt � tÞ

@ðt � tÞ
dt ð11Þ

where I=
R

AZ2 dA is the second moment of area for the beam cross-
section. Differentiating Eq. (11) with respect to position and
introducing Eq. (6) yields

@kðs; tÞ

@s
¼ �

Jð0Þ

I
PðtÞsin½b� yðs; tÞ�

�
1

I

Z t

0
PðtÞsin½b� yðs; tÞ� @Jðt � tÞ

@ðt � tÞ dt ð12Þ

The geometrical relations (2)–(4) and Eq. (12) form the system
of four non-linear partial integro-differential equations that
represent the linear viscoelastic beam bending problem. It is
worth emphasizing that when the problem is evaluated for the
initial time t=0 the hereditary integral vanishes and the solution
is the same as for linear elastic materials with the elasticity
modulus given by G(0)=1/J(0).
3.4. Boundary conditions

A set of four boundary conditions must be specified for the
problem as follows:

xð0; tÞ ¼ yð0; tÞ ¼ yð0; tÞ ¼ kðL; tÞ ¼ 0 ð13Þ

3.5. Governing equations

In order to obtain the most general results for the problem,
using Eqs. (3)–(5) and (12), the set of equations are reduced to a
non-dimensional form using the following change of variables:
s̄=s/L (0r s̄r1), t̄=t/tR, t̄f=tf/tR, t ¼ t=tR, ȳ=y/L, x̄=x/L, k̄=kL,
P̄=PL2J0/I=PL2/IG0 and aR ¼ G1=G0 ¼ J0=J1 ¼ 1=aC , yielding

@xðs; tÞ

@s
¼ cos½yðs; tÞ�

@yðs; tÞ

@s
¼ sin½yðs; tÞ�

@yðs; tÞ
@s

¼ kðs; tÞ

@kðs; tÞ

@s
¼ � PðtÞsin½b � yðs; tÞ�þðaR � 1Þ

�

Z t

0
PðtÞsin½b � yðs; tÞ�e�ðt�tÞ�aR dt ð14Þ

where the non-dimensional parameters are: the Cartesian
coordinates (x̄,ȳ), the arc length s̄, the curvature k̄, the angle
formed by the curve tangent and the longitudinal axis y, the angle
of inclination of the load measured with respect to
the undeformed axis b, the vertical load P̄ and the relaxation
modulus aR.
3.6. Energy due to bending

Considering a linear viscoelastic beam, the total work done by
the external force P is converted into a stored part US (potential
energy) and a creep dissipated part UC (loss energy). Introducing
the strain decomposition, e=eS+eD (where eS and eD are the stored
and dissipated strains respectively), the power equation may be
written as

_W T ¼

Z
V
s_e dV ¼

Z
V
s_eS dVþ

Z
V
s_eD dV ¼ _USþ

_UD ð15Þ

Considering the case of pure bending, where the only
non-vanishing stress component is the longitudinal stress,
introducing Eqs. (7) and (9) in the first term of Eq. (15) and
integrating the result, the total energy equation may be obtained:

WT ðtÞ ¼
G0I

2

Z L

0
kðs; tÞ2 ds

þ I

Z L

0

Z t

0

@kðs; BÞ
@B

Z B

0
kðs; tÞ @GðB� tÞ

@ðB� tÞ dt
� �

dB
� �

ds ð16Þ

Differentiating Eq. (8) with respect to time and introducing the
result of stored strain rate into Eq. (15) yields

_US ¼

Z
V

s _s
G0

dV ð17Þ

Considering the case of pure bending, introducing Eqs. (7) and
(9) in Eq. (17) and integrating the result yields the stored energy
equation,

USðtÞ ¼
G0I

2

Z L

0
kðs; tÞ2 dsþ I

Z L

0
kðs; tÞ

Z t

0
kðs; tÞ @Gðt � tÞ

@ðt � tÞ dt
� �

ds

þ
I

2G0

Z L

0

Z t

0
kðs; tÞ @Gðt � tÞ

@ðt � tÞ
dt

� �2

ds ð18Þ

Using the previous change of variables and introducing
W̄T=WTL/(IG0) in Eq. (16) and ŪS=USL/(IG0) in Eq. (18) yields the
following non-dimensional equation for total work and stored
energy respectively:

W T ðtÞ ¼
1

2

Z 1

0
kðs; tÞ2 ds

� ð1� aRÞ

Z 1

0

Z t

0

@kðs; BÞ
@B

Z B

0
kðs; tÞe�ðB�tÞ dt

 !
dB

( )
ds ð19Þ
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USðtÞ ¼
1

2

Z 1

0
ðkðs; tÞ � ð1� aRÞ

Z t

0
kðs; tÞe�ðt�tÞ dtÞ2 ds ð20Þ

Once the total work and the stored energy are known, the
dissipated energy part may be promptly calculated through:
UD=WT�US. The energy parts may be alternatively calculated
numerically by integrating the concentrated load applied versus
the displacement curve. In order to obtain this curve, the paths
from t=0� to 0+ and from t=tf

� to tf
+ must be obtained. They

correspond to the large-deflection static solutions for the beam,
considering the elasticity modulii given by G(0)=1/J(0) and
G(tf)=1/J(tf), respectively. The path from t=0+ to tf

� , when the
load remains constant, is the quasi-static viscoelastic solution
previously described.
4. Numerical solution

The resultant system of four non-linear partial integro-
differential equations is solved for each time t using a one-
parameter shooting method that converts the boundary-value
problem into an equivalent initial-value problem. An encastré
curvature interval ðkmin

0 ; kmax
0 Þ is guessed for the current time and

then the system of Eq. (14) is integrated using a fourth-order
Runge–Kutta (RK) method with a trial-and-error approach until
the value of k̄(0,t̄) that corresponds to the boundary condition
k̄(1,t̄)=0 is obtained in accordance with a stop criterion. The
previous obtained encastré curvature is used to guess the next
search interval, e.g., at t̄= t̄+1 the new encastré curvature interval
guessed may be defined as (0.8k̄(0,t̄),1.2k̄(0,t̄)) which facilitates
the root-finding process. The application of the RK method for the
last two Eq. of (14) gives the following:

yðmþ1; iÞ ¼ yðm; iÞþ
Ds

6
ðky1þ2ky2þ2ky3þky4Þ

kðmþ1; iÞ ¼ kðm; iÞþ
Ds

6
ðkk1þ2kk2þ2kk3þkk4Þ ð21Þ

where the recurrence relationships are given by

ky1 ¼ fyðkðm; iÞÞ; kk1 ¼ fkðyðm; iÞÞ

ky2 ¼ fyðkðm; iÞþDs=2kk1Þ; kk2 ¼ fkðyðm; iÞþDs=2ky1Þ

ky3 ¼ fyðkðm; iÞþDs=2kk2Þ; kk3 ¼ fkðyðm; iÞþDs=2ky2Þ

ky4 ¼ fyðkðm; iÞþDs kk3Þ; kk4 ¼ fkðyðm; iÞþDs ky3Þ ð22Þ

and the increment functions may be described by,

fyðkðm; iÞÞ ¼ kðm; iÞ

fkðyðm; iÞÞ ¼ ðaR � 1Þ
Dt

2

Xi�1

j ¼ 0

½PðjDtÞsin½b � yðm; jÞ�expð�ði� jÞDt aRÞ�

þðaR � 1Þ
Dt

2

Xi�1

j ¼ 0

½Pððjþ1ÞDtÞsin½b � yðm; jþ1Þ�

�expð�ði� ðjþ1ÞÞDt aRÞ� � PðiDtÞsin½b � yðm; iÞ� ð23Þ

where Ds and Dt are the spatial and time increments, respectively,
m=s/Ds, i=t/Dt and j=t/Dt. This method is used to incrementally
solve the system from the initial time (t̄=0) up to a final specified
time such as t̄=20. Each solution obtained from a previous time
increment is required to solve the problem in the current
increment due to the hereditary integral of Eq. (23). The
mathematical package Mathematica v5.1 has been employed in
the algorithm implementation. The x and y of the horizontal and
vertical deflection of any point along the neutral axis may be
directly calculated using the RK method, which introduces two
equations in (23) or alternatively post-processed with a numerical
integration. Once the curvature distribution is known, the total
work done and the stored energy may be finally numerically
calculated using Eqs. (19) and (20) respectively.

It should be noted that for a linear elastic beam there are a
certain number of equilibrium configurations for each combination
of b and P̄ parameters. As a general rule, the higher the beam
flexibility, the higher the configuration possibilities. For a viscoe-
lastic beam, the number of possible configurations is not only
affected by these two parameters but also on the relaxation
modulus aR. In order to obtain the possible configurations for a
given combination of parameters b, P̄ and aR the following
procedure may be employed: (1) encastré curvatures k̄(0, t̄) are
tabulated for a given interval and the tip curvature calculated
integrating the system of Eq. (14) using RK method; (2) the interval
where the resulting tip curvature k̄(1, t̄) changes sign determines the
encastré curvature initial guess interval and (3) for each interval
obtained in (2) the problem is solved as previously described using
RK method with a trial-and-error approach and the respective
equilibrium configuration obtained. In the present study, the
parameters b, P̄ and aR are chosen in such a way that only one
equilibrium configuration is possible during the loading application.
5. Finite-element model

In order to compare and validate the mathematical formula-
tion and the numerical solution presented above, a finite-element
analysis is performed using the software Abaqus v6.5. Model
similarity is achieved using the following options: (a)
two-dimensional Euler–Bernoulli beam element B23 is used to
generate the finite-element mesh; (b) the Nlgeom option is
activated to indicate that geometric non-linearity should be
accounted for as the problem undergoes large displacements
and (c) the option *Visco is used to obtain a transient static
response in an analysis with viscoelastic material.

As the finite-element program needs dimensional parameters
to perform the analysis, the beam geometry, material property
and load condition must be given in accordance to the non-
dimensional load and relaxation or creep modulus used in the
case study. The program assumes that the viscoelastic material is
defined by a Prony series expansion of the relaxation modulus and
consequently the three-parameter stress relaxation function used
herein must be expressed by this series.

The analysis is divided into four steps as follows: (1) the first
step is the static application of the concentrated load P; (2) in the
second step the concentrated load is maintained constant and the
quasi-static viscoelastic response is evaluated; (3) the third step
evaluates the static unloading and (4) the fourth step is the final
relaxation viscoelastic period.
6. Case study

A case study is presented for the following non-dimensional
parameters: concentrated load P̄=1, angle of inclination b ¼ 903,
relaxation modulus aR ¼ 0:25; 0:50 and 0:75; and t̄f=10, which may
be considered as a sufficient long time for material relaxation.

The results for non-dimensional encastré curvature and
vertical tip displacement � non-dimensional time are shown
in Figs. 2 and 3, respectively. For comparison purposes, Fig. 2
shows the results for the RK method and the finite-element
analysis performed using software Abaqus. Although only Fig. 2
presents the comparison, all results demonstrated total
agreement, hence validating the method of solution. The
results show that the higher the non-dimensional relaxation



ARTICLE IN PRESS

0.0

0.5

1.0

1.5

2.0

2.5

3.0

RK FEM
0.25
0.50
0.75

k

t

Rα

0 2 4 6 8 10 12 14 16 18 20
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modulus aR, the smaller the encastré curvature and tip
displacement limit values. It is also observed that as the load
is instantaneously removed at t̄f, the beam experiences an
elastic jump and starts to relax until the initial configuration is
eventually reached. For lower values of aR, longer times are
required before the beam recovers its initial shape.

The deflected configuration for each non-dimensional relaxa-
tion modulus is plotted at three different times, t̄=1, 2, and 10, and
is presented in Fig. 4. It is shown that the higher the relaxation
modulus, the smaller is the material dissipation and consequently
the deflection shape evolution with time.

Results for non-dimensional load versus vertical tip displace-
ment are shown in Fig. 5. It presents the static elastic solution
(0�r t̄r0+ and t̄f

�r t̄r t̄f
+) and the quasi-static viscoelastic

solution. The hatched areas in the graph represent the creep
dissipated energy ŪD at time t̄= t̄f. It can be seen that as the
relaxation modulus aR increases from 0.25 to 0.75, the dissipated
energy decreases as expected. The limit is reached when aR ¼ 1
and no energy dissipation occurs.

Fig. 6 shows the non-dimensional total work W̄T, the stored
energy ŪS and dissipated energy ŪD versus time for all the
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relaxation modulus adopted in the case study. It is observed
that when the load is removed at t̄f, the external work done
decreases to the limit value of creep dissipated energy. As the
relaxation modulus aR increases the value of dissipated energy
decreases and consequently relatively more energy is stored.
For aR ¼ 0:75 the stored energy is always higher than the
dissipated part.

Fig. 7 shows the non-dimensional total work per unit length
W̄L along beam length for all the relaxation moduli adopted and
for three different times (t̄=0, 2, and 10. Results for non-
dimensional work per unit length versus time for two beam
sections (s̄=0 and 1/2) are shown in Fig. 8. The highest values are
observed for the encastré end and decrease along arc length until
null values are obtained at the beam tip.
7. Conclusions

Quasi-static response, as well as stored and dissipated energies
due to large deflections of a linear viscoelastic beam represented
by the three-parameter model subjected to a step inclined
concentrated load at the free end and subsequent instantaneous
unloading are investigated. The mathematical formulation is
derived considering geometrical compatibility, equilibrium of
forces and moments, and linear viscoelastic behavior.
The resultant system of four non-linear partial integro-differential
governing equations is initially solved using fourth-order
Runge–Kutta method with an iterative scheme. An analytical
expression is derived to split the total energy supplied by the
external load into conserved and dissipated parts. A case study is
presented in non-dimensional form for a vertical load and the
solution is compared to the results obtained from a finite-element
analysis that validated the mathematical formulation and the
numerical solution method.
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